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Abstract 
The phonon-drag thermopower is studied in monolayer graphene on a piezoelectric substrate. The 
phonon-drag contribution SgPA   from the extrinsic potential of piezoelectric surface acoustic (PA) 
phonons of a piezoelectric  substrate (GaAs)  is calculated as a function of temperature T and electron 
concentration ns.  At very low temperature, SgPA is found to be much greater than SgDAof the intrinsic 
deformation  potential of acoustic (DA) phonons of the graphene. There is a crossover of SgPA and SgDA 
at around ~ 5 K. In  graphene samples of about >10 μm size, we predict Sg  ~ 20 μV at 10 K, which is 
much greater than the diffusion component of the thermopower and can be experimentally observed. In 
the Bloch-Gruneisen (BG) regime  T and ns dependence are, respectively,   given by the power laws  
SgPA (SgDA) ~ T 2(T 3) and SgPA, SgDA ~ ns-1/2. The T  (ns ) dependence is the manifestation of the two-
dimensional phonons (Dirac phase of the  electrons). The effect of the screening  is discussed. 
Analogous to  Herring’s law (Sgμp ~ T -1), we predict  a new relation Sgμp ~ ns0, where μp is the phonon-
limited mobility. We  suggest that the ns dependent measurements will play a more significant role in 
identifying the Dirac phase and the effect of screening.  
Key words: Phonon-drag thermopower, electron-acoustic phonon interaction, graphene on GaAs 
substrate. 
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1. Introduction 
Graphene, a monolayer of carbon atoms bonded in a hexagonal lattice, has been identified as an ideal 
two-dimensional (2D) system [1-3]. It has attracted intense attention due to its unique linear chiral 
electronic dispersion with massless 2D Dirac -Fermions, and it exhibits unique physical properties [4, 
5]. Various interesting phenomena such as quantum Hall effect [1,2], ultrahigh mobility [6,7], superior 
thermal conductivity [8] and high mechanical strength [9]  have been observed in graphene. These 
unusual physical properties make graphene a great potential material for future nanoelectronic devices 
[4,5].  
Since graphene  is a one-atom-thick carbon layer, its samples are fabricated on substrates for 
technological applications and fundamental studies.  There is an intense search for substrates that 
improve the quality of electronic properties of monolayer graphene. So far, graphene samples are 
fabricated on polar substrates such as SiO2, SiC, h-BN, HfO2  and recently GaAs. Most commonly, SiO2 
is used as the substrate for graphene devices. But the roughness at the graphene/SiO2 interface and the 
presence of impurities inducing charge-density fluctuations lead to a reduction in electronic mobility 
from that observed in suspended graphene. Graphene materials grown on h-BN [10-13] and GaAs [14-
17] substrates are expected to give  high-quality electronic devices. Transport experiments have shown 
that graphene on h-BN has higher mobility than has been observed for graphene/SiO2 [10,12]. However,  
GaAs substrate has advantages over SiO2 and h-BN substrates [14-16]. The substantially larger 
dielectric constant of  GaAs, as compared to SiO2 and h-BN, improves the screening of surface defects 
and there by increases the mobility of carriers in the graphene layer. Secondly, surface roughness of 
GaAs  is lower than that of SiO2 and this favours  a higher quality of the graphene. It is also speculated 
that the stronger hydrophilic character  of GaAs leads to a better stickiness of graphene flakes and 
thereby prevents their folding. This turned out to  make it possible to obtain larger graphene devices 
with GaAs substrates[16]. 
In devices with a high-purity GaAs substrate, the electron-phonon (el-ph) interaction can be the 
decisive factor in limiting the transport properties of  Dirac-Fermions. Therefore, an understanding of 
the electron-phonon scattering in graphene structures on GaAs substrates  is not only of fundamental 
interest but also of great practical relevance for anticipated new  functionalities. The surfaces of such 
substrates allow for the existence of extrinsic piezoelectric surface acoustic (PA) phonons near the 
graphene-substrate  interface [18,19]. In  substrate crystals with lack of a centre of symmetry, such as 
GaAs,  the propagation of a surface acoustic wave induces a piezoelectric potential both inside and 
outside  the GaAs substrate that couples to the electrons in graphene. The Hamiltonian for the interaction 
of Dirac Fermions in graphene with PA phonons  due to  piezoelectric coupling has been given by 
Zhang et al.   [18]. The scattering by PA phonons is shown to play an important role in limiting the 
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electron mobility [18] and electron energy relaxation [19]. The scattering by PA phonons is   compared 
with that due to the potential of  intrinsic deformation acoustical (DA)  phonons in graphene.  
Thermopower  is an important transport property, and it is sensitive to both electronic structure 
and energy dependence of the momentum relaxation time due to various scattering mechanisms. There 
are  two contributions to the thermopower: diffusion Sd and Phonon-drag Sg. Phonon-drag thermopower 
Sg  arises due to ‘phonon wind’, in the temperature gradient, dragging the electrons along with it due to 
electron-phonon coupling. Consequently, it is found to be  purely dependent on electron-acoustic-
phonon coupling.  Phonon-drag thermopower  has been extensively studied in bulk semiconductors 
[20], the conventional 2DEG in semiconductor heterostructures [21-23] and graphene systems [24], and 
it  is shown to be generally  important at low temperatures. Experimental observations in graphene 
flakes on substrates hundreds of nanometres in lateral size [25-28] show no signature of Sg, which is 
attributed to the  weak el-ph coupling.   However, theoretical  studies in freely suspended monolayer 
[29, 30] and bilayer [31] graphene  of size ~ 10μm considering the electron-acoustic phonon coupling 
via deformation potential show Sg to be important for temperatures T ≤ 10 K. In graphene nano-ribbons, 
Sg is shown to be of order 1 mV/K  and sensitive to the Fermi energy and width of the ribbon [32]. We 
point out that there is a great need for more  experimental data  on thermopower in graphene below 10 
K, especially in the  larger samples ( ~ μm). Since most of the graphene devices are on polar substrates, 
which give rise to piezoelectric surface acoustic phonons,  it is important to see the  contribution  of 
these  phonons  to Sg. In the present work we investigate the contribution of  PA  phonons to Sg in 
monolayer graphene on a GaAs substrate. We expect these calculations to  complement the calculations 
of phonon-limited mobility [18] and hot-electron relaxation [19]. By  comparison of  the 
contributions to  Sg due to scattering by PA and DA phonons,   we show that both mechanisms 
can be important in different concentration and temperature regimes. 
2. Basic equations  
Here, we consider a gate-controlled  monoatomic layer of graphene on a pure GaAs substrate. We take 
a gate voltage positive enough that the conducting carriers are electrons and their density can be 
controlled by  the applied gate voltage.  A carrier in a monolayer of graphene can be described by the 
two-dimensional (2D)  Dirac equation for zero effective mass with  the wave function Ψλk(r)= 
eik•r[1,λeiθk]/√2 and the energy eigenvalue Ek = λħvf│k│. Here, λ= + 1(-1) corresponds to the conduction 
(valence) band, vf = 1x106m/s is the Fermi velocity, k(r) is the 2D electron wave ( position) vector in 
the x-y plane and θk is the angle between k and the  x-axis. The corresponding electron velocity vk= 
(1/ħ)∇kEk. The temperature gradient  ∇T  is applied in the plane of the layer. This gives rise to an electric 
field E= S/∇T , in the open-circuit condition, where S = Sd + Sg is the thermopower with Sd (Sg) being 
the diffusion (phonon-drag) contribution to the thermopower. 
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We modify the  approach given in Refs. [29, 33] to obtain Sg due to Dirac-Fermion coupling 
with PA phonons.  We assume that the 2D Dirac electrons of graphene interact with  the 2D surface  
PA phonons  of energy ħωq,   and the  2D phonon wave vector q. An expression for Sg,  applicable to 
both  the types of electron-phonon coupling,  is shown to be [29] 
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where g= gsgv, gs=2 (gv=2)  is the spin (valley) degeneracy, A is the area of the graphene, γ=ħvfq/2, σ is 
the electrical conductivity, τp is the phonon relaxation time, τ(Ek) is the electron relaxation time, f(Ek)  
is the equilibrium electron distribution, Nq is the Bose-Einstein distribution for phonons and │C(q)│2 
is the square of the electron-phonon matrix element.
 
The matrix element for the  interaction  of Dirac electrons of graphene  with  the  piezoelectric 
surface acoustic phonons of the GaAs substrate is given by │C(q)│2PA=  [ CPA2ħ(eβ)2/2AπρsvsPA] 
(qxqy/q2) e-2
qd (F(θk,k′)) [18]. Here, eβ = 2.4x107eV/cm is the piezoelectric coupling constant, ρs= 
5.3g/cm3 is the mass density of  the GaAs substrate and  vsPA =2.7x105 cm/s is the velocity of surface 
acoustic phonons in a GaAs cubic crystal [18], CPA= 4.9 is the numerical factor determined by the elastic 
properties of GaAs and  F(θk,k′) = [1+cos(θk,k′)]/2 = [1- (q/2k)2] is the overlap integral of the spinor 
wave functions with θk,k′ being the angle between k and k′. For the distance between the graphene and 
substrate d = 5 Å, e-2qd ~ 1 and from the angular average (qxqy/q2)= ¼ [18,19]. This makes │C(q)│2PA 
nearly independent of q, whereas that due to deformation  potential coupling  varies as q. However, we 
retain e-2qd in the formulation of Sg due to PA phonons. 
Assuming τ(Ek) to vary slowly on the energy surface Ef, we take τ(Ek) = τ(Ef). The electrical 
conductivity of graphene, for the case of elastic scattering, is given by σ = (e2Efτ(Ef))/πħ2.  In the 
boundary-scattering regime for phonons, τp = Λ/vsPA,  where Λ is the phonon mean free path, generally 
taken to be the smallest (~ few μm) dimension of the sample [34,35]. Substituting the above quantities 
in Eq.(1), the expression for SgPA due to PA phonons is shown to be  
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In the Bloch-Gruneisen (BG) regime, T << TBGPA,  defined by a characteristic temperature 
kBTBGPA = 2 vsPAkf, ћωq~ kBT  and q << kf. For the surface acoustic phonons of the GaAs substrate  
TBGPA=7.29(ns/ 1012cm-2 ) K. In the ultra-lowT  region q0, and [1-(γ/Ef)2]1/2≈1 and [1+(ħωq/Ef)]≈1. 
In this temperature regime  f(Ek) [1-f(Ek+ħωq)] ≈ ħωq (Nq+1)δ(Ek-Ef).   Then, integration with respect 
to Ek  gives  the following  power law 
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Here (n) is the Riemann zeta function. We find SgPABG ~ ns-1/2. 
For comparison, we give the formula for electron coupling with DA phonons [29], 
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where D is the acoustic deformation potential coupling constant, ρg =7.6x10-8 g/cm2 is the graphene 
areal mass density and vsDP= 2.0x106 cm/s is the intrinsic longitudinal DA phonon velocity in graphene. 
In BG regime, T << TDABG = 54√(ns/ 1012cm-2 ), the equation for Sg  is given by the simple power law 
[29] 
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with Sg  DPBG ~ ns-1/2. 
The diffusion thermopower in monolayer graphene at low temperature is given by the Mott 
formula, Sd = -[π2kB2T (s+1)]/ 3ǀeǀEf [29]. Here, s is the exponent of energy dependence of  the 
momentum relaxation time τ (Ek) ~ Ek
s and is taken to be 1 for a screened Coulomb potential [36]. 
3. Results and discussion 
In order to present the results numerically, we make the choice of parameters Λ and D in the following. 
Since Sg ~ Λ, it is essential to make reasonable choice of Λ. Woszczyna et al. [16] have shown that the 
graphene samples as large as  150 × 30 μm2can be prepared on a GaAs substrate. Thermal conductivity 
calculations are demonstrated with Λ chosen in the range 3-30 μm and the choice of Λ= 5 μm gives 
reasonable agreement with the measured thermal conductivity [34,35]. In order to  fit the thermal 
conductivity data,  an effective phonon mean free path (in graphene) Λeff= Λ (1+p)/(1-p) is used by 
modulating the smallest dimension of the sample using a specular parameter p=0.9  [34], which 
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enhances Λ by a factor of 20. The value of 0 ≤ p ≤ 1 is determined by the roughness of the graphene 
edges. To present our calculations  we choose a reasonable  value of  Λ= 10 μm.  
In the computation of SgDP it is important to choose a proper value of D as  SgDA ~ D2. A large 
range of  values of D (3-30 eV) has been measured or calculated [37-43]. Hot-electron cooling 
experiments show D= 19 eV is the best fit to the very low-temperature  data [38,39] and it is in 
agreement with the value predicted by us  [29]. Also D = 20 eV [40], 18 eV [41] and 25± 5 eV [42], 22 
eV [43] are being used to explain the electrical transport properties in graphene. In the present 
calculations we choose a value of D= 20 eV.  
We restrict our numerical calculations to the low-T regime (0.1-10 K), where boundary 
scattering alone limits phonon mean free path, and ns= 0.5 - 20  x1012 cm-2. 
A. Temperature dependence of Sg 
We show in Fig. 1 SgPA and SgDA and their BG regime contributions as a function of temperature for 
ns=1x1012 cm-2. Both SgPA and SgDA increase with T superlinearly. SgDA increases more rapidly than  SgPA. 
This increase is slower at higher temperature as found in the 2DEG in semiconductor heterostructures 
[21]. An important result is that SgPA is much greater than  SgDA over the large range of T considered. 
For example, at T=0.1 (1) K   SgPA is three orders of magnitude (50 times) greater than SgDA. However, 
in the high temperature region (at about 5 K) SgPA and   SgDAcross over. In a conventional 2DEG, SgPA 
is dominant over  SgDA for T < 2 K, owing to the  inverse q dependence of the electron-3D acoustic-
phonon matrix element via piezoelectric coupling  [21,22].  The total SgDA +SgPA increases with T, with 
a small depression  in the cross-over region of temperature. The combined  SgDA +SgPA is about 20 μV/K 
at 10 K, which is about 5 times  the diffusion component Sd. Sg can be tuned to still higher value by 
lowering ns and enhancing Λ with good reflecting edges of graphene. 
The Sd contribution is found to be proportional to T and ns-1/2, and is smaller than the total Sg for 
the range of temperature T > 0.2 K. It gets closer to Sg in the high temperature region  However, this 
relative significance depends upon the choice of D and Λ. 
The BG regime curves are shown by power laws SgPABG ~ T 2 and SgDABG ~ T 3. This difference 
in exponents is attributed to the  difference in the q dependence of the respective el-ph  matrix elements. 
For PA phonon scattering,  BG regime is found to be strictly valid for about T < 0.4 K  and for DA 
phonon scattering it is  valid up to about T=3 K. This difference may be attributed to the large difference 
between  TPABG = 7.311√(ns/1012cm-2)  and TDABG =54.153√(ns/1012cm-2). TDABG for graphene acoustic 
phonons is much greater than the TPABG for surface acoustic phonons due to vsPA being about 7.5 times  
smaller than vsDA in graphene. The temperature dependence of Sg  due to unscreened deformation 
potential coupling SgDABG~ T 4 in conventional 2DEG [23, 24, 44],and ~ T 3 in bilayer graphene [31] 
and monolayer MoS2 [45]  and activated in GNR [32]. These T 4 and T 3 dependences are, respectively, 
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attributed to the 3D  and 2D nature of  phonons with linear dispersion, in the respective systems. We 
also point out that in 3D Dirac-Fermion systems, in which phonons are 3D,  SgDABG ~ T 4 [46]. For the 
unscreened piezoelectric coupling  SgPABG ~ T 2 for both a conventional 2DEG [23] and a 2DEG in 
graphene on a GaAs substrate. Although the phonons in conventional 2D systems are taken to be 3D  
and PA phonons in graphene on a GaAs substrate are 2D, the same T dependence  is attributed to the 
difference in the q dependences of el-ph  matrix element. In the former case, the matrix element is ~ 1/q 
where as in the latter it is nearly independent of q (in the very low-T regime). We may tend to draw the 
conclusion that the BG regime power-law dependence on T is determined by the dimensionality of the 
phonons with linear dispersion and the q dependence of the el-ph matrix element. It is independent of 
the dimensionality of the electron gas and its energy dispersion. Also, it is to be  noted that, in BG 
regime, SgPABG ~ (vsPA)-3 and SgDPBG ~ (vsDA)-4 and   vsDA ≈ 7.5 vsPA. This is another important reason for 
the large difference in the magnitudes of SgPABG and SgDABG  for  T ≤ 1 K. 
SgPA  and SgDA are shown as a function of temperature for different electron concentrations in 
Figs. 2a and 2b, respectively. Both are found to be smaller for larger ns at lower T and with the increasing 
temperature they cross-over so that at higher T, Sg is larger for larger ns. This cross-over occurs at around 
2 K for SgPA and 7 K for SgDA. For both PA and DA phonons,  the temperature range of validity of the 
strictly BG regime becomes larger for larger ns. Although, in the low-T region,  for a given T, the 
magnitude of SgPA is larger than that due to SgDA the crossing over between  SgDA and SgPA takes place at 
smaller T for smaller ns (Fig. 2c).  
We notice (from Figs. 2a and 2b) that the  temperature dependence can be expressed as Sg ~  T 
α(T,ns),  where α(T, ns) is the T and ns dependent exponent, over the temperature range considered. α(T,ns) 
as a function of T, for different ns,  is shown for PA (DA) phonon coupling in Fig. 3a (3b).  For both 
PA and DA phonon couplings α(T, ns) is found to decrease from its maximum value 2 to a lower value  
with increasing  T and deviation from 2 begins  at higher temperature for larger ns.  In this decreasing 
region of temperature α(T,ns) is found to be larger for larger ns.   We point out that the behaviour of 
α(T,ns) is similar to that of the exponent of T  in the phonon-limited mobility μp in graphene with the 
GaAs substrate  [18]. 
B. Electron concentration dependence of Sg 
In Fig. 4(a),  Sg  is shown  as a function of  ns (0.5-10x1012 cm-2) at T= 1 K. At this temperature,  a 
general feature is that both SgPA and SgDA decrease with increasing ns and their total is completely 
dominated by SgPA over the entire range of ns considered. For ns greater  than about 4x1012 cm-2, SgPA 
tends to obey  BG regime power law ~ ns-1/2 and at lower ns there is significant  deviation from this 
power law, showing almost an  independent behaviour for about ns≤ 1x1012 cm-2. On the other hand, 
SgDA obeys the BG-regime power law (~ ns-1/2) over the entire range of ns  and hence the two curves  
SgDA and SgDABG coincide, as TBG is large in this case even for smaller ns. Also,  it is found that  Sd~    ns-
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1/2.  We find that SgPA is much greater than SgDA and hence the curve due to  total of the two coincides 
with SgPA. It is to be noted that the BG regime power law ~ ns-1/2, obeyed by both SgPA and SgDA,  is 
different from the ns-3/2 dependence of these quantities in a conventional 2DEG [23, 44], bilayer 
graphene [31] and MoS2 [45]. The ns-3/2 dependence in the latter case is attributed to the parabolic 
dispersion of the electron energy, contrary to the linear dispersion in 2D Dirac-Fermions.  
We have shown Sg   vs ns at T= 5 K in Fig. 4 (b). Now SgPA is found to increase with increasing 
ns, whereas SgDA is still found to  decrease with increasing ns. The total Sg is nearly constant for the  ns 
range considered. The  BG-law curve of SgPA largely differs from that of the actual SgPA,  whereas, the 
BG-law curve of SgDA coincides with that of the actual SgDA  for larger ns and deviates in the low ns 
regime.  
Expressing  Sg ~ ns- 
δ (T,ns), where δ (T, ns) is the T and ns dependent exponent of  ns, we have 
shown δ (T,ns) as a function of ns for different temperatures in Fig. 5. For both PA and DA phonons,  
δ(T,ns) tends towards -0.5 for larger ns. At lower ns, δ (T,ns)  decreases and changes its sign to positive 
values for larger T. A similar sign change is predicted with the exponent of ns  corresponding to ns 
dependence of phonon limited mobility  μp [18]. From Figs. 5a and 5b,  it is noticed that, for a given 
temperature,  δ (T, ns) = -0.5 is reached at smaller ns for DA phonons than for PA phonons.    
C. Effect of screening 
Calculations of  the transport properties of  graphene exist with and without taking account of screening 
of el-ph interaction  [47]. The need for screening of the el-ph interaction in graphene is not clearly 
established. In BG regime, the experimental observation of resistivity ρ ~ T 4 around 10 K [42],  
indicates that the screening  of el-ph interaction is not strong enough to show ρ ~ T 6 dependence. In 
order to observe the experimentally  predicted effect of screening, it is necessary to work  in the 
temperature regime where ρ and the mobility dependence of temperature from non-acoustic phonon 
mechanisms are unimportant or where unambiguous contributions from these  mechanisms can be 
subtracted. But the properties such as low temperature phonon-drag thermopower and hot-electron 
cooling, unlike ρ, are independent of non-acoustic phonon mechanisms. Experimental observations of 
hot-electron cooling in BG regime show T 4 behaviour [38,39] as predicted from the unscreened 
electron-acoustic phonon mechanism [29]. However, there is need for  more experimental data on 
thermopower for T≤ 10 K  where Sg  is  expected to be very significant.  In a conventional 2DEG, the 
effect of screening in the low-T behaviour of Sg has been extensively studied and is well established 
[21-23]. 
 We present the effect of screening on Sg by dividing the el-ph  matrix element by the square of 
the  temperature-independent static dielectric screening function ε2(q)= [1 +(qTF/q)]2 (with GaAs 
substrate), where  qTF  = gsgve2kf/εsħvf  is the Thomas-Fermi wave vector with  εs= (1+εGaAs)/ 2 [47,48]. 
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In Fig.6a,  Sg is shown as a function of T with and without screening for ns=1x1012 cm-2. The screening 
is found to reduce Sg significantly at low temperature. For eg. at T= 0.1 K, it is reduced by about 103(104) 
times for PA(DA) phonon coupling. As T increases, the screening effect decreases. At T= 10 K the 
reduction is by about 50 (102) times for PA (DA) phonon coupling. We notice that effect of screening 
is more on DA phonon coupling. More importantly, in the BG regime, where ε(q) ≈ (qTF/q), the power 
law  changes from unscreened   SgPABG ~ T 2 to screened SgPABG ~ T 4and SgDABG~ T 3 to  SgDABG~ T 5. In 
the inset of Fig. 6a, screened SgPA and  SgDA are shown as function of T along with the respective BG-
regime curves.  
The effect of screening with respect to electron concentration is shown in Fig. 6b. SgPA and SgDA 
are shown as a function of ns, at T= 1 K, with and without screening. Increasing ns is found to increase 
screening. This effect is more on SgDA. In the BG regime (inset of Fig. 6b),   ns dependence  changes 
from ns-1/2  to  ns-3/2 due to qTF ~ kf. The ns-1/2 dependence of measured  hot-electron relaxation in 
monolayer graphene [39], agreeing with the theoretical prediction [29], may be an indicator of the  
absence of screening. We suggest that  the power laws of  the T and ns dependences of Sg can also be 
used simultaneously to determine the importance of the screening of the el-ph interaction. 
D. Relation of Sg to lattice specific heat Cv 
In a conventional 2DEG, it has been shown that  Sg α fCv/nse, where Cv  is the lattice specific and f  is 
the fraction of momentum lost by the phonons to the carriers   [21]. Assuming that  f  is weakly 
temperature dependent, then Sg  dependence on T comes only from Cv.  It can be shown that the low 
temperature  2D lattice specific heat Cv ~ T 2 and hence, from this argument, SgPA ~ T 2. Interestingly, 
at very low temperature, we find SgPABG ~ Cv contrary to SgDABG~  Cv T,  where Cv in these  relations is 
due to the respective phonons. 
E. Relation of Sg to  hot-electron power loss F(T) 
Since phonon-drag thermopower and low temperature  hot electron cooling  rate  are based on the same 
basic assumptions and  same el-ph coupling with many common factors, we try to find the relation 
between the two. In the BG regime, we find that  the hot-electron cooling rate due to  PA phonon  
coupling is given by  FPABG = F0PABGT 3 with F0PABG=[C2PA(eβ)2kB22!ζ(3)]/ [24ns1/2π5/2ħ3ρsvf2v2sPA] (S S 
Kubakaddi, unpublished). From this, we find the relation FPABG = (ξǀeǀvsPA/Λ) SgPABGT. This is similar to 
the  relation obtained in a conventional 2DEG [44] and in graphene for DA phonons  [29] with ξ= 3/2. 
This relation can be used to determine one of them if the other is measured.  
The dependence of FPABG ~ns-1/2  is same as that of SgPABG (Eq.(3)). We notice  that, in the BG 
regime, the hot-electron cooling  rate FDABG and SgDABG due to DA phonon coupling also have the same 
ns-1/2 dependence [29]. In a conventional 2DEG, with a quadratic dispersion relation,  FBG~ns-3/2 for both 
PA and DA phonon coupling [44,49].
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F. Herring’s law and a new relation 
The acoustic phonon-limited mobility  μp and phonon-drag thermopower are related by Herring’s law  
Sgμp ~ T -1  in bulk semiconductors  [50], conventional 2DEGs   [23, 45,51]  and graphene  [29, 31]. For 
PA phonons in the present work, using the BG-regime temperature dependence of the phonon- limited 
mobility μpPABG ~ T -3 [18], we find that  SgPABGμpPA ~ T -1  showing that Herring’s law is valid for PA 
phonons.  In addition, we find a new relation between these transport coefficients with regard to electron 
concentration dependence.  In the BG regime, μpPA ~ √ns  [18] and SgPABG ~ ns-1/2, so we obtain  SgPABGμpPA 
~ ns0 i.e. the product is independent of ns. This is found to be  true with DA phonons also in graphene 
[29]. We have listed in Table I the exponents of  the electron concentration dependence, in the BG 
regime,  of Sg and μp in different systems for unscreened DA phonon coupling. Interestingly, we find 
that this relation SgDABGμpDA ~ ns0  is true for conventional 2D and 3D semiconductors and their  Dirac 
phases.  We expect this relation to be  true for PA phonon scattering. Since the screening of the el-ph 
interaction affects the transport properties in a similar way, we believe this relation to be satisfied for 
screened Sg and μp. 
We would like to point out that, the coupling due to in-plane transverse acoustic (TA) phonons 
is not considered in our present Sg calculations. However, there exist calculations of resistivity ρ [61,62] 
and hot electron cooling P [63] in which electrons are shown to couple with the TA phonons through 
an effective gauge field in terms of an unscreened vector potential (VP), besides screened coupling with 
the DA phonon.  In BG regime, ρ  [62]    and P  [63]  due to VP coupling are shown be ~T 4, same as 
that due to unscreened DA phonon coupling, where as the screened DA phonon coupling shows ~ T 6 
dependence [29,62]. Moreover,  the contribution due to VP coupling  is found to dominate in the low-
T regime. Consequently, a generalized in-plane el-ph coupling is introduced adding the DA and VP 
couplings [62]. It is shown that replacing D by a fitting parameter D
~
 (Eq.(48) of Ref. [62]), which is 
resultant of the screened DA and unscreened VP couplings, will give an excellent agreement with 
expected results of resistivity [42] for D~ 3 eV and D
~
~ 10-20 eV. Hence, we believe that, inclusion of 
VP coupling in our Sg calculations may lead to a choice of new D whose value, in the literature, is in 
the range 3-30 eV [37-43]. Moreover, we feel that, apart from the T dependence, the more detailed study 
of the ns dependence of the above mentioned transport properties, both experimentally and theoretically, 
may help to  establish the importance of screening. This is due to the reason that the screening of the 
DA phonon coupling changes  ns dependence, in the BG regime, from ~ns-1/2 to ~ ns-3/2. 
4. Summary 
Phonon-drag thermopower SgPA due to piezoelectric surface acoustic (PA) phonons of the GaAs 
substrate  is studied in monolayer graphene. At very low temperature, electron- PA phonon coupling is 
found to be stronger and the SgPA contribution is very much  greater than  SgDA due to intrinsic 
11 
 
deformation potential acoustic (DA) phonons of graphene. At higher temperature, SgDA becomes greater 
than SgPA. Both SgPA and SgDA increase with temperature, but SgPA increases slowly compared to SgDA. In 
the Bloch-Gruneisen (BG)  regime the power-law is given by SgPA (SgDA) ~ T2(T 3), a characteristic of 
2D phonons of the respective PA and DA phonon-coupling mechanisms. At  very low T, both SgPA  and 
SgDA depend weakly on electron concentration ns, with the BG-regime power law SgPA, SgDA ~ ns-1/2,  
which is a manifestation of 2D Dirac electrons. At higher  T both SgPA and SgDA increase weakly with 
increasing ns. This cross-over of weakly decreasing to increasing behaviour  takes place at lower 
(higher) temperature for PA (DA) phonons. Effect of screening of electron-phonon coupling is found 
to reduce  Sg   significantly  and change the T and ns dependent power laws in BG regime. 
In a result analogous to Herring’s law, we have  predicted, with regard to the ns  dependence,   
a new relation Sgμp ~ ns 0, which is found to be valid  for  conventional and Dirac-Fermions of 2D and 
3D systems. Low -temperature experimental measurements of thermopower in samples of graphene 
larger than a few μm in size on a GaAs substrate should show the  Sg    contribution.  
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Table I:  In the Bloch-Gruneisen regime, the electron concentration  n dependence of Sg, μp and P  is 
expressed as Sg, μ,  P ~  nδ for unscreened deformation potential coupling. The values  of δ are given 
in the table below for different systems (with references). 
 
Property Monolayer 
graphene 
Bilayer 
graphene 
Monolayer 
MoS2 
Conventional 
two-
dimensional 
electron gas  
Three-
dimensional 
Dirac 
semimetal  
 
Bulk 
semicond-
uctor 
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Sg -1/2 [29] 
 
-3/2 [31] -3/2 [45] -3/2 [44] -1/3 [46] -1 [59] 
μp 1/2  [18] 
 
3/2 [52] 3/2 [54] 3/2 [56] 1/3 [57] 1 [60] 
P -1/2 [29] 
 
-3/2 [53] -3/2 [55] -3/2 [44,49] -1/3 [58] -1 [60] 
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Figure  1: Phonon-drag thermopower Sg  vs temperature T  for  both PA and DA phonons for electron 
concentration ns=1x1012cm-2  along with the corresponding BG regime curves. The diffusion 
thermopower Sd is also shown for comparison.  
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Figure 2: Phonon-drag thermopower Sg  vs temperature T  for  the electron concentrations ns=1, 5 and 
20 x1012 cm-2. (a)  PA phonons and (b) DA phonons, both with the respective  BG-regime curves, (c) 
Results for  PA and DA phonons from (a) and (b), plotted together for comparison. 
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Figure 3: Exponent  α(T,ns) vs temperature T for  ns= 1, 5 and 20 x1012 cm-2. (a) PA phonons and (b) 
DA phonons. 
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Figure 4: Phonon-drag thermopower Sg  vs electron concentration ns along with the respective BG- 
regime curves. (a) T=1 K. Note that SgDA and SgDABG curves coincide.   (b) T=5 K. 
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Figure 5: Exponent δ(T, ns) vs electron concentration ns for different T. (a) PA phonons and (b) DA 
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Figure 6: Phonon-drag  thermopower Sg with and without screening. (a) Sg  vs T  for ns= 1x1012 cm-2 
and (b) Sg  vs ns for T= 1 K. Insets are screened Sg with the respective BG-regime curves.  
